Presented is a free boson representation of the type II vertex operators for the A (1) n−1 face model. Using the bosonization, we derive some properties of the type II vertex operators, such as commutation, inversion and duality relations.
Introduction
Recent development on integrable lattice models is mainly based on the representation theory of the quantum affine groups [1, 2] . For example, the XXZ spin chain model has the U q ( sl 2 ) symmetry, which is large enough to diagonalize the XXZ Hamiltonian. Correlation functions and form factors are also given as the traces of products of vertex operators. The integral formulae of the correlation functions for the XXZ model were presented by using the free boson realization of the vertex [2, 3] .
In [1] vertex operators were introduced as the intertwiners among the highest weight modules and the finite dimentional representation of quantum affine groups. There exist two kinds of vertex operators, the type I and the type II vertex operaors in the terminology of [1] , because of the left-right assymmetry of the coproduct of the quantum affine groups. The XXZ Hamiltonian is expressed in terms of the type I vertex operators, whereas the creation and annihilation operators are constructed in terms of the type II vertex operators [1] .
The vertex operator method can be also formulated for face models [4, 5] . Bosonization of the type I vertex operators for the RSOS model [6] were given by Lukyanov and Pugai [7] , in which they derived an integral representation for multi-point local state probabilities. In [8] a bosonization of the type I vertex operators was realized for the A (1) n−1 face model [9] , that reduces to the RSOS model [6] when n = 2. In [10] a bosonization of the type II vertex operators was realized for the RSOS model. The A (1) n−1 face model has the defromed Virasoro algebra symmetry [11] . Since the Virasoro algebra has no non-trivial defromation of the coproduct, those vertex operators cannot be interpreted as intertwiners of the defromed Virasoro algebra. However, the type I vertex operators allow a graphical interpretation which is due to the identification between the bosonized vertex operators and the half transfer matrix for the A (1) n−1 face model [7, 8] . In this paper we present a bosonization of the type II vertex operators for the A (1) n−1 face model. Unfortunately, the type II vertex operators do not allow interpretation as intertwiners of the defromed Virasoro algebra nor graphical interpretation. Our construction is thus based on the commutation relations among the type I and II vertex operators.
The rest of the paper is organized as follows. In section 2 we formulate the problem and introduce the type II vertex operators for the A (1) n−1 face model. In section 3 we realize the type II vertex operators for the A (1) n−1 face model in terms of free bosons. We prove the commutation relations of the those bsonaized operators in order to show that they are bona fide vertex operators. In section 4 we prove various properties of the vertex operatos such as the inversion and the duality relations.
2 Type II vertex operators for the A (1) n−1 face model
The present section aims to formulate the problem, thereby fixing the notation.
Theta functions
Throughout this paper we fix the integers n and r such that r ≧ n + 2, and also fix the parameter x such that 0 < x < 1. We will use the abbreviations,
where the Jacobi theta function is given by
For later conveniences we also introduce the following symbols
where z = x 2v , 1 ≦ l ≦ n and
In particular we define R(v), S(v) and χ(v) by
and
These facotrs will appear in the commutation relations among the type I and the type II vertex operators.
The integral kernel for the type I and the type II vertex operators will be given as the products of the following elliptic functions
2.2 The weight lattice of A
Let V = C n and {ε µ } 1≦j≦n be the standard orthogonal basis with the inner product ε µ , ε ν = δ µν .
The weight lattice of A
n−1 is defined as follows:
Zε µ , (2.13)
We denote the fundamental weights by ω µ (1 ≦ µ ≦ n − 1)
and also denote the simple roots by α µ (1 ≦ µ ≦ n − 1)
For a ∈ P we set
n−1 face model 
The Boltzmann weights (2.15) solve the Ynag-Baxter equation for the face model [9] :
Commutation relations
Consider the type I vertex operators satisfying the following commutation relations
The bosonization of Φ µ (v) is realized in [8] . See also section 3. The dual type II vertex operators should obey the following commutation relations
where
The Boltzmann weights (2.20) have σ-invariant [9] :
where σ is the diagram automorphism of A
n−1 defined by σ(ω µ ) = ω µ+1 . In section 3 we shall realize Ψ * µ (v) satisfying (2.18) and (2.19) in terms of free bosons. 
Fused
The fusion of W * II in the horizontal direction is constructed as follows. Let a, b, c(= c 0 ),
Note that b = a +ε ν1 + · · · +ε νm from the definition of ν j 's. Let σ ∈ S m be a permutation of (1, · · · , m), and set
Then m-fold anti-symmetric fusion of W * II in the horizontal direction is given as
is anti-symmetric with respect to (λ 1 , · · · , λ m ).
Next consider the fusion in the vertical direction. We use same κ, µ, λ j 's and ν j 's as before. Now
Then m-fold anti-symmetric fusion of W * II in the vertical direction is given as
We further introduce the fusion of W * II in both horizontal and vertical directions. Let {κ j } 1≦j≦m and {µ j } 1≦j≦m be subsets of N such that 
can be also defiend as the antisymmetrized product of the m-fold fusion of W * II in the vertical direction:
Fusion of the dual type II vertex operators
Here we introduce the fusion of the dual type II vertex operator Ψ *
as follows:
It is clear from the definition that the following commutation relations hold
if Ψ * µ 's satisfy the commutation relations (2.18). For the special case Λ = {1, · · · , m} and Λ µ = Λ\{µ} we define
In section 3 we introduce the type II vertex operatorΨ 3 Bosonization of the type II vertex operators
Bosons
Let us consider the bosons
where the symbol [a] x stands for (
Then the commutation relations (3.1) holds for all 1 ≦ j, k ≦ n. These oscillators were introduced in [12, 13] .
The expression (3.2) for n = 2 was already given in [10] . For α, β ∈ P let us define the zero mode operators P α , Q β with the commutation relations
We will deal with the bosonic Fock spaces F l,k , (l, k ∈ P ) generated by B j −m (m > 0) over the vacuum vectors |l, k :
Basic Operator
Let us define the basic operators for j = 1, · · · , n − 1
Note that the operator U −αj (z) and U ωj (z) (j = 1, · · · , n − 1) for A (1) n−1 face model were introduced in [8] , and that the operator V −α1 (z) and V ω1 (z) for the A (1) 1 face model were introduced in [10] . We will use the variable v such that z = x 2v , and set
for j = 1, · · · , n − 1. These operators satisfy the following commutation relations:
Type I vertex operators
In the sequel we set
The π µν acts on F l,k as an integer ε µ − ε ν , rl − (r − 1)k .
For 1 ≦ µ ≦ n define the type I vertex operator [8] by
where z j = x 2vj . The integral contour for z j -integration encircles the poles at z j = x 1+2kr z j−1 (k ∈ Z ≧0 ), but not the poles at z j = x −1−2kr z j−1 (k ∈ Z ≧0 ).
Note that
We thus denote the operator ( For 1 ≦ µ ≦ n define the dual type I vertex operator bȳ
where z j = x 2vj . The integral contour for z j -integration encircles the poles at z j = x 1+2kr z j+1 (k ∈ Z ≧0 ), but not the poles at z j = x −1−2kr z j+1 (k ∈ Z ≧0 ).
The operators (3.22) is an operator such that
Type II vertex operator
In this subsection we introduce the type II vertex operator for the A
n−1 face model. For 1 ≦ µ ≦ n, define the dual type II vertex operators by
where z j = x 2vj . The second equality follows from (3.11), (3.12), (3.14) and (3.15). The integral contour for z j -integration encloses the poles at z j = x −1+2k(r−1) z j−1 (k ∈ Z ≧0 ), but not the poles at
For 1 ≦ µ ≦ n, define the type II vertex operators bȳ
where z j = x 2vj . The second equality again follows from (3.11), (3.12), (3.14) and (3.15). The integral contour for z j -integration encloses the poles at z j = x −1+2k(r−1) z j+1 (k ∈ Z ≧0 ), but not the poles at
In particularΨ 
Proof of commutation relations
Φ µ1 (v 1 )Ψ * µ2 (v 2 ) = χ(v 1 − v 2 )Ψ * µ2 (v 2 )Φ µ1 (v 1 ), Φ * (m−1) µ1 (v 1 )Ψ (m−1) µ2 (v 2 ) = χ m−1 (v 1 − v 2 )Ψ (m−1) µ2 (v 2 )Φ * (m−1) µ1 (v 1 ).
Proof.
It is clear from (3.16) and (3.19). 2
Theorem 3.2 The operators (3.24) satisfy the commutation relations (2.19).
Proof.
The claim of the theorem is equivalent to the following equations
Let us first prove (3.27). By using (3.30) and the commutation relations (3.11), (3.12), (3.14) we have
are integral variables we can deform an integrand without changing the value of the integral. Actually the following deformation is allowed for any function
where we use (3.9). We thus denote
From (3.31), (3.18) and (3.32) we can prove (3.27) by showing
and set
Since the residues at
11 is a regular double periodic function of v 1 , and hence a constant. We therefore get
which implies (3.33).
Next we prove (3.28) for µ < ν. (We can show (3.28) for µ > ν in a similar manner.) When
By the same argument as we show (3.34) we obtain
From (3.35) and (3.36) with j = 1 we have (3.28) for µ = 1 < ν.
In order to prove (3.28) for 1 < µ < ν it is enough to show the following relation
(3.37)
We would like to prove (3.37) by induction with respect to µ. Set µ = 2 < ν. Then (3.37) reduces to
(3.38)
Here we exchange v 1 and v ′ 1 in the term including b * because they are integral variables. Owing to (3.36) with j = 2, (3.38) is equivalent to
where we use the relation b
we have (3.39), which implies (3.38).
Suppose 2 < µ < ν. From the assumption of the induction
we have LHS of (3.37)
Repeating the same procedure and using (3.40,3.41) as we show (3.38), we obtain (3.37) for µ < ν. 2
Inversion and duality
In this section we prove various properties of the vertex operators for the A
n−1 face model. Besides the formulae listed in the last section we will use the follwing formuale of normal ordering and commutation relations among the basic operators:
Do not confuse {z}, {z} ′ defined in (2.7) and {z} ∞ , {z} ′ ∞ , respectively.
Inversion relations
In this subsection we prove the following two theorems: 12) where
, the product of vertex operators behaves likē
Let us begin from the following Lemma:
From the commutation relations (3.11), (3.12), (3.14), (3.15) and (4.10)
In order to show (4.16) let us consider the following elliptic function
Set the sum of all residues of F * in the period to be zero. Then we obtain
which implies (4.16) because of (4.17) and (4.18). 2
(4.20)
Proof. The claim for 1 ≦ m ≦ n − 1 follows from (4.1-4.10). For m = n note that g * n−1 (z) has a pole at z = x −n . We obtain (4.21) by taking the limit
Lemma 4.5 For 1 ≦ m ≦ n − 1, the following relations hold:
where c m is defined in (2.31) . For m = n, we have 
where 
